We use superalgebras to realize the 3-algebras used to construct N = 6, 8 Chern-Simons-matter (CSM) theories. We demonstrate that the superalgebra realization of the 3-algebras provides a unified framework for classifying the gauge groups of the N ≥ 5 theories based on 3-algebras.
I. INTRODUCTION
It was demonstrated that generic Chern-Simons gauge theories in 3D with matters are conformally invariant at the quantum level [1] [2] [3] [4] [5] . Extended superconformal Chern-Simonsmatter (CSM) theories in 3D were conjectured to be the dual gauge descriptions of coincident M2-branes. There are essentially two ways to construct the N ≥ 4 CMS theories: the 3-algebra approach [6] − [16] , and the ordinary Lie algebra approach [18, 22, [25] [26] [27] .
We begin by reviewing the Lie (2-)algebra approach. In a seminar paper [25] , Gaiotto and Witten (GW) have been able to construct the N = 4 theory by enhancing an N = 1 supersymmetry to N = 4. The key point for enhancing N = 1 to N = 4 is to select the bosonic subalgebras of superalgebras admitting a quarternion structure as the Lie algebras of the gauge groups. The GW approach also inspired us to construct the 3-algebras in terms of superalgebras [16] . In Ref. [27] , the N = 4 GW theory was generated to include the twisted multiplets, and the N = 8 BLG theories based on the Nambu 3-algebra [6] - [10] was demonstrated to be equivalent to the generalized N = 4 GW theory with SU(2) × SU (2) gauge group. Also, by generalizing Giaotto and Wittens idea and method, the general N = 5, 6 theories were constructed rapidly [18] . The theory of Aharony, Bergman, Jafferis and Maldacena (ABJM) [26] was demonstrated to be a special case of the general N = 6 theory constructed in Ref. [18] .
We now review the 3-algebra approach. The N = 8 BLG theory was first constructed by virtue of the Nambu 3-algebraic structure [6] [7] [8] [9] [10] . Using a set of SU(2) × SU(2) σ-matrices to realize the Nambu 3-algebra, one can prove that the gauge symmetry generated by the Nambu 3-algebra is SO(4) [11, 12, 21] .
In an interesting paper, Bagger and Lambert (BL) have been able to construct the general N = 6 theory in terms of a hermitian 3-algebra [13] , and rederived the N = 6, U(M) × U(N) theory by using a matrix realization of the hermitian 3-algebra. While the structure constants of the Nambu 3-algebra are totally antisymmetric, the structure constants of the hermitian 3-algebra are antisymmetric only in the first two indices.
Using the notion of symplectic 3-algebra, another class of N = 6 CSM theories, with gauge group Sp(2M) × O(2), was constructed in Ref. [14] . One can also recast the N = 6, U(M) × U(N) into the symplectic 3-algebraic formalism [14] . In Ref. [15] , we formulated the most general N = 5, 6 CSM theories in a unified symplectic 3-algebraic framework. All examples of N = 5 theories were recovered in Ref. [12] by specifying the 3-algebra structure constants.
Recently, the N = 4, 5 theories have been constructed by using N = 1 superspace formulation in a symlectic 3-algebra approach [16] . All gauge groups of the N = 4, 5 theories were classified by using superalgebra realization of the 3-algebras used in the N = 4, 5 theories [16, 17] .
In particular, our previous works demonstrate that the symplectic 3-algebra provides a unified framework for constructing all N ≥ 4 theories [14] [15] [16] .
The symplectic 3-algebra approach must be equivalent to the Lie (2-)algebra approach, since the physical (N ≥ 4) theories must be the same. We find that the superalgebras are the key for proving the equivalence: On one hand, one must select the bosonic subalgebras of the superalgebras as the Lie algebras of the gauge groups of the N ≥ 4 theories constructed in terms of Lie algebras; on the other hand, one can use the same superalgebras to construct the 3-algebras in the N ≥ 4 theories .
One goal of this paper is to use superalgebras admitting symplectic structure to realize the 3-algebras in the N = 6, 8 theories, and demonstrate that the superalgebra realization of the 3-algebras provides a unified framework for classifying the gauge groups of the N = 5, 6, 8 theories based on 3-algebras.
Let us first briefly review the superalgebra realization of the symplectic 3-algebra in the N = 4, 5 theory. The key idea of the realization is to identify the generators of the symplectic 3-algebra T I with the fermionic generators of a superalgebra Q I , i.e., T I . = Q I . The 3-bracket is then naturally realized in terms of a double graded commutator:
As a result, one can convert the fundamental identity (FI) of the 3-algebra into the MMQ Jacobi identity of the superalgebra, with M a bosonic generator. In this realization, the Lie algebra of the gauge group generated by the 3-algebra is nothing but the bosonic part of the superalgebra, whose representation is determined by the fermionic generators. For a more mathematical approach to this subject, see Ref. [22] [23] [24] , in which the relations between the 3-algebras and superalgebras are discussed by using representation theory.
Since one can enhance the supersymmetry from N = 5 to N = 6, 8 in the 3-algebraic framework [12, 15] , one must be able to apply this realization to the N = 6, 8 theories. Our strategy is the following: By decomposing the general superalgebra (30) used to realize the 3-algebra in the N = 5 theory, we are able to derive a general superalgebra (42) which can be used to construct the Hermitian 3-algebra in the N = 6 theory and the Nambu 3-algebra.
By using the superalgebra realization of the 3-algebras, we rederive the general N = 6 CSM theories based on ordinary Lie algebra from its 3-algebra counterpart, and reproduce all known examples of the N = 6 CSM theories as well. In particular, we explicitly construct the totally antisymmetric Nambu 3-bracket in terms of a double graded commutator of the superalgebra P SU(2|2), and we construct the N = 8 BLG theory with SO(4) gauge group by using several different ways. Since P SU(2|2) also takes the form of the general superalgebra (42), it is in this sense that the superalgebra realization of the 3-algebras provides a unified framework for classifying the gauge groups of the N = 5, 6, 8 theories based on 3-algebras.
Comparing with the matrix realization of 3-algebra, the superalgebra realization has the advantage that the constraint equation imposed on the structure constants of 3-algebra for closing the Poincare superalgebra can be solved in term of the QQQ Jacobi identity.
Another goal is to propose a quantization scheme for the 3-brackets, by promoting the double graded commutator as a quantum mechanical double graded commutator.
This paper is organized as follows. In Section II, we review the N = 5, 6, 8 theories based on 3-algebras. In Section III A, we realize the hermitian 3-algebra used to construct the N = 6 theory by using a superalgebra, which is decomposed from the superalgebra used to realize the 3-algebra in N = 5 theory. Two examples, OSp(2|2N) and U(M|N) are presented in this section. In Section III B, we realize the Nambu 3-algebra in terms of P SU(2|2), and use several different ways to construct the N = 8 BLG theory. In section IV, a quantization scheme for the 3-brackets is proposed. Section V is devoted to conclusions. Our conventions are summarized in Appendix A. Some commutation relations of the superalgebras used in this paper are given in Appendix B. A 3-algebra is a complex vector space equipped with a 3-bracket, mapping three vectors to a fourth vector [15] :
where f IJK L = f JIK L are called the structure constants of the 3-bracket. The set of generators T I (I = 1, · · · 2L) are required to satisfy the fundamental identity (FI):
The global transformation of a field X valued in this 3-algebra (X = X K T K ) is defined as [6] :
where the parameter Λ IJ is hermitian. The transform (3) is required to preserve both the
We use ω IJ and its inverse ω IJ to lower and raise 3-algebra indices, respectively.) and the Hermitian form h(X, Y ) = X * I Y I simultaneously [14] :
Imposing the reality conditions on the parameter and the antisymmetric form,
Eqs. (4) imply that the structure constants must satisfy the reality and symmetry conditions
The 3-algebra defined by Eq. (1) ∼ (4) is called a symplectic 3-algebra. The N = 5 Lagrangian constructed by using the symplectic 3-algebra is given by [15, 16] 
The matter fields satisfy the following reality conditions
where A is an Sp(4) R-symmetry index, and ω AB is the Sp(4) invariant antisymmetric tensor. The covariant derivative is defined as
where the gauge fieldÃ µ
is anti-hermitian. The N = 5 supersymmetry transformations are given by [15, 16] :
where the parameter ǫ AB is antisymmetric in AB, satisfying
To close the Poincare superalgebra, the structure constants must satisfy an additional constraint equation
2. N =6 Theory Based on 3-Algebra
The N = 5 supersymmetry can be enhanced to N = 6 by decomposing the N = 5 fields and the symplectic 3-algebra properly [15] . The reality conditions (8) imply that the matter fields furnish a pseudo-real representation of the gauge group. If we decompose this representation as a direct sum of a complex representation and its complex conjugate representation, then the Sp(4) R-symmetry can be promoted to SU (4) , and the N = 5 supersymmetry can be enhanced to N = 6 [18] . Specifically, we decompose an N = 5 scalar field into a direct summation of an N = 6 scalar field Z and its complex conjugateZ [18] :
where a = 1, · · · , L, and α = 1, 2. (Here α is not an index of a spacetime spinor. We hope this will not cause any confusion.) Similarly, we have the following decompositions for the fermionic and gauge fields:
db is an anti-hermitian N = 6 gauge field, with f ac db the structure constants of the hermitian 3-algebra. The N = 6 fields satisfy the reality conditions
To be consistent with the reality conditions of the N = 6 matter fields, we must decompose the antisymmetric tensor ω IJ as
The decomposition of the gauge field (see the second equation of (13)) follows from the decomposition of the structure constants given by
combined with the decomposition of A IJ µ given by
The generator T I is decomposed into
where t a is a generator of the (N = 6) hermitian 3-algebra, andt a ≡ t * a is its complex conjugate. With these decompositions, the fundamental identity (2) reduces to
Here the 3-bracket of the (N = 6) hermitian 3-algebra is defined as
Also the constraint condition f (IJK)L = 0 and the reality condition imposed on the structure constants reduce to
Now Eq. (16) is equivalent to
The hermitian 3-algebra defined by Eqs. (19) ∼ (21) is nothing but the 3-algebra used by BL to construct the general N = 6 theory [13] .
Substituting the decompositions of the fields and the structure constants into the N = 5
lagrangian (7) reproduces the N = 6 Lagrangian in Ref. [13] :
And the N = 6 SUSY transformation law reads
Here the SUSY transformation parameters ǫ AB satisfy
N =8 Theory Based on 3-Algebra
If the inner product becomes the standard inner product in the Euclidian space
then there is no difference between a lower index a and an upper index a, i.e.,t a =t a . As a result, the 3-bracket (20) becomes
If the first 3 indices of f acb d are antisymmetric, then Eq. (27) becomes the famous Nambu 3-bracket; and Eqs. (21) imply that
are totally antisymmetric. Now the FI (19) can be converted into
The 3-algebra defined by Eq. (27) ∼ (29) is nothing but the Nambu 3-algebra. It was proved that the only non-trivial possibility is that f abcd = ε abcd (up to a constant). Here ε abcd is the familiar Levi-Civita tensor. And the gauge group generated by the Nambu 3-algebra is SO(4) [19] [20] [21] . In Ref. [12] , it has been demonstrated explicitly that the N = 6 supersymmetry is promoted to N = 8 if the structure constants f abcd ∝ ε abcd . So substituting Eq. (28) into (23) gives the N = 8 BLG theory.
III. N =6, 8 THEORIES IN TERMS OF THE BOSONIC PARTS OF SUPERAL-GEBRAS
In this section, we first try to find a superalgebra which can be used to realize the hermitian 3-algebra and the Nambu 3-algebra. We then derive the ordinary Lie algebra constructions of the N = 6, 8 theories by using the superalgebra realization of 3-algebras.
A. N = 6 Theories in Terms of the Bosonic Parts of Superalgebras
In this section, we determine the superalgebra which can be used to realize the hermitian 3-algebra and the Nambu 3-algebra, and classify the gauge groups of the N = 6 theory.
Recall that we used the superalgebra
to realize the symplectic 3-algebra [16] . Here ω JK is an invariant antisymmetric tensor, and k mn an invariant quadratic form. We connected the symplectic 3-algebra with the above superalgebra by identifying the 3-algebra generators T I with the fermionic generators Q I :
and by presenting the 3-bracket as a double graded bracket [16] , i.e.,
In this realization, the structure constants of the 3-algebra are just the structure constants of the double graded commutator, i.e.,
The right hand side of (33) was first introduced in the N = 4 GW theory to construct the superspace coupling [25] ; and its property k mn τ m (IJ τ n K)L = 0, implied by the Q I Q J Q K Jacobi identity, strongly hints that one can construct the 3-bracket in terms of the double graded commutator (32) [16] . With Eq. (31), Eq. (18) becomes
Recall that Q I furnish a pseudo-real (quaternion) representation of the bosonic part of the superalgebra (30) [16] , and we decompose this pseudo-real representation into a complex representation and its complex conjugate representation for promoting the N = 5 supersymmetry to N = 6. So, with the decomposition (34), if the fermionic generators Q a furnish a complex representation of the bosonic part of (30), thenQ a must furnish a complex conjugate representation of the bosonic part of (30). Namely, we must have
where τ ma b is anti-hermitian, i.e.,
Substituting
into the LHS of the second equation of (30) gives
Comparing the RHS of the above equation with the RHS of the second equation of (30), we obtain
By (36), the RHS is a direct sum of τ mb a and its complex conjugate. So the pseudoreal representation is indeed decomposed into a complex representation and its complex conjugate representation. Substituting (37) and (39) into the LHS and RHS of the third equation of (30), respectively, we obtain
where we have used Eq. (15). The anticommutators can be easily read off from the above equation:
In summary, the superalgebra used to realize the N = 6 hermitian 3-algebra is the following:
In this way, we rederive the above superalgebra by decomposing the superalgebra (30) properly. The superalgebra used to realize construct the Nambu 3-algebra must also take the form of (42), since the Nambu 3-algebra is a special case of the N = 6 hermitian 3-algebra.
The superalgebras OSp(2|2N) and U(M|N) (or its cousins SU(M|N) and P SU(M|N)) take the form of (42); their commutation relations are given in Appendix B. Later we will see that (42) indeed can be used to realize the 3-algebras in the N = 6, 8 theory. Namely, the superalgebra realization of the 3-algebras can provides a unified framework for classifying the gauge groups of the N = 5, 6, 8 theories based on 3-algebras, since (42) is decomposed from (30).
With these decompositions, the double graded commutator
is decomposed into two sets:
However, their structure constants are related by a reality condition (see Eqs. (48) and (53)).
So we need only to consider the first equation. Using Eqs. (32) and (34), and comparing the decomposition of (43) with (22), we are led to the following equations:
where the LHS of the first equation is the 3-bracket of the hermitian 3-algebra, and t a are the generators of the hermitian 3-algebra (see section II B 2). Here we have used the superalgebra realization of the hermitian 3-algebra:
The structure constants can be read off immediately from (46):
It is straightforward to verify that the above tensor product is a solution of the FI (19) of the hermitian 3-algebra (for convenience, we cite it here):
The solution (48) was first discovered by BL [13] , using a different approach. Similarly, the Q I Q J Q K Jacobi identity is decomposed into two sets: the Q b Q cQ a Jacobi identity and thē Q bQc Q a Jacobi identity. Let us examine the Q b Q cQ a Jacobi identity:
By {Q c , Q b } = 0, the last term of the LHS vanishes. The equation for the remaining two terms implies that
Namely, the structure constants f bc ad are antisymmetric in the first two indices :
Also, the reality condition (36) implies that the structure constants satisfy the reality condition:
Eqs (52) and (53) are nothing but the two equations in (21).
Here we would like to demonstrate that the FI (49), satisfied by the structure constants, is equivalent to the MMQ or MMQ Jacobi identity of the superalgebra (42). Substituting (34) into the FI (2), the later is decomposed into eight sets; one of them reads
Substituting (44) into this equation shows that it precisely coincides with the FI (49). The rest (seven) sets can be also converted into the FI (49). So it is sufficient to examine Eq.
(54). On the other hand, by using the superalgebra (42), one can convert Eq. (54) into the following equation:
which is the MMQ Jacobi identity of the superalgebra (42). With Q c replaced byQ c , Eq.
(54) becomes another set FI decomposed from (2). It can be converted into MMQ Jacobi identity of (42). Therefore, the FI (49) is indeed equivalent to the MMQ or MMQ Jacobi identity of the superalgebra (42).
Now consider the basic definition of the transformation
Substituting (48) into the above equation gives 
This matrix representation is furnished by the fermionic generators of (42) (see the second line of (42)). Therefore, the Lie algebra of the gauge group generated by the 3-algebra is just the bosonic subalgebra of (42). And the representation of the matter fields is determined by the fermionic generators of (42). The quadratic form k mn plays a fundamental role in our construction, since it appears both in (48) and (57).
With the solution for the structure constants of the hermitian 3-algebra
we can rewrite the gauge field as
Following Ref. [25] , we define the N = 6 'momentum map' and 'current' operators as
Substituting the (59) and (60) into the Lagrangian (23) and the SUSY law (24) gives the ordinary Lie algebra construction of the N = 6 Theory. Here the N = 6 Lagrangian reads
In deriving the Lagrangian, we have used the identity −ε ABCD = ω AB ω CD − ω AC ω BD + ω AD ω BC , whose LHS differs a minus sign from the one in Ref. [18] . The N = 6 SUSY transformations are given by
The parameters ǫ AB satisfy
The Lagrangian (62) and the supersymmetry transformation law (64) are in agreement with the ones constructed directly in an ordinary Lie algebra approach [18] .
The bosonic parts of the superalgebras OSp(2|2N) and U(M|N) (or its cousins SU(M|N)
and P SU(M|N)) can be selected as the Lie algebras of the gauge groups of the N = 6 Theory (see (42)). In particular, if the superalgebra is P SU(2|2), then (45) becomes the Nambu bracket, and the N = 6 supersymmetry gets enhanced to N = 8. This will be the topic of section III B.
OSp(2|2N )
If we specify the superalgebra (42) as OSp(2|2N) (the commutation relations of OSp (2|2N) are given by (B4)), the double graded commutator (45) becomes
(In the Lagrangian (23), the index a runs from 1 to L. Here we split a into two indices: 
Suppressing the SO(2) indices gives
which are precisely the same as that of our previous paper [14] up to an unimportant overall sign. The above specified structure constants have the correct symmetry properties and satisfy the reality condition. Substituting (68) into (23) and (24) give the N = 6, Sp(2N) × U(1) theory [14] . This theory can be derived in an alternative way [18] : one can first read off the representation τ ma+ b+ , the invariant quadratic form k mn and the structure constants C mn p from the superalgebra (B4), then plug them into the Lagrangian (62) and the SUSY transformations (64).
U (M |N )
If we specify the superalgebra (42) as U(M|N) (the commutation relations of U(M|N) are given by (B5)), the double graded commutator (45) becomes
Here we have set Q a = Q u u ′ , where u = 1, · · · , M is a fundamental index of U(M), and
The structure constants can be easily read off
The above structure constants were first discovered by BL [13] , by using the following matrix realization of the hermitian 3-algebra:
Here X u ′ v is an N × M matrix, withX v u ′ its hermitian conjugate. The right hand side of (71) is the ordinary matrix multiplication. Writing X as X = X u ′ v B v u ′ , with B v u ′ a set of basis matrices, then the 3-bracket (71) is equivalent to
Comparing the above equation with (69), we see that the structure constants specified by (71) are precisely the same as (70).
Substituting (70) into (23) and (24) give the N = 6, U(M) × U(N) theory [13] . In the special case of M = N, it becomes the well-known ABJM theory [26] , which has been conjectured to be the dual gauge theory of the low energy limit of N M2-branes probing a C 4 /Z k singularity. In the limit of N → ∞, the ABJM theory is dual to the M-theory on
For a more mathematical approach to the relation between the superalgebra and the N = 6 hermitian 3-algebra, see Ref. [24] .
B. N = 8 Theory in Terms of the Bosonic Part of P SU (2|2)
In Ref. [11, 12] , the Nambu 3-algebra was represented in terms of a set of SU(2) × SU (2) σ-matrices. In this section, we show explicitly that the Nambu 3-algebra can be also realized in term of P SU(2|2); and we construct the N = 8 BLG theory by using several different ways. The commutation rules of P SU(2|2) are the following
where α,β = 1, 2 are SU(2) × SU (2) indices. We use the antisymmetric matrix ǫ αβ (ǫαβ)
to lower undotted (dotted) indices. For example, M αβ = ǫ βγ M α γ and Mαβ = ǫβ˙γMα˙γ. The inverse of ǫ αβ (ǫαβ) is defined as ǫ αβ (ǫαβ), satisfying ǫ αγ ǫ γβ = δ α β (ǫα˙γǫ˙γβ = δαβ). Note that the superalgebra (73) takes the form of (42). Since we wish to explicitly construct the Nambu 3-algebra in terms of P SU(2|2), it is useful to define
Here the SU(2) × SU(2) σ-matrices are given by
where σ ab andσ ab satisfy the further 'duality' conditions
Our convention is that ε 1234 = 1 and ε abcd = ε abcd . With these definitions, we are able to recast the superalgebra (73) into the form
Here
It is still necessarily to check the Jacobi identities of (77). The MMM Jacobi identity is obviously satisfied. It is straightforward to verify that the MMQ (MMQ) Jacobi identity is obeyed. The total antisymmetry of ε abcd guarantees that the QQQ (QQQ) Jacobi identity is obeyed. To check the MQQ Jacobi identity, we define
With these definitions, we note that
Using the above equations, it is not difficult to prove that the MMQ (MMQ) Jacobi identity is obeyed. Now every Jacobi identity of (77) is satisfied. Therefore the superalgebra (77) is closed.
A short calculation gives
Namely, the double graded commutator is indeed a realization of the Nambu 3-bracket. In this realization, the totally antisymmetric structure constants are given by
Also, the FI satisfied by the Nambu 3-bracket is equivalent to the MMQ Jacobi identity of (77), as we proved in section III A. Therefore the Nambu 3-algebra is realized in terms of the superalgebra P SU(2|2). Hence the bosonic part of P SU(2|2), SO(4)
is the Lie algebra of the gauge group of the N = 8 BLG theory. And the matter fields are in the vector representation of SO(4). Substituting (82) into (23) and (24) .) The same theory is obtained in Ref. [27] by promoting the N = 4 supersymmetry to N = 8. The N = 8 BLG theory was assumed to be the dual gauge description of two M2-branes.
Eq. (81) may be counterintuitive at first sigh, since the anticommutator satisfies
.e., it seems that it is symmetric in ab. However, there is no clash with fact that (81) is antisymmetric in ab if we notice that
namely, the last two anticommutators are different.
One can of course calculate the double graded commutator directly by using (73):
Here the structure constants are given by
Substituting the above structure constants into (23) and (24) also gives the N = 8 BLG theory. In this formalism, the matter fields are in the bi-fundamental representation of SU(2) × SU(2). We can convert (115) into (82) by using the equation
The RHS is given by
which is in agreement with (82).
One can also derive the N = 8 BLG theory in an alternatively way, by reading off the representation matrices (τ ab ) cd , invariant quadratic form k ab,cd and structure constants C ab,cd ef from (77), and substituting them into the Lagrangian (62) and the SUSY transformations (64). The representation matrices (τ ab ) cd determined by the fermionic generators (see the second line of (77)) are given by
Comparing
ef with the first equation of the third line of (77), we obtain the invariant quadratic form
So the invariant quadratic form is nothing but the structure constants of the Nambu 3-algebra up to a constant. Since k ab,cd is an invariant form on the superalgebra (77), we can
Namely, if we use k ab,cd to lower the indices of a generator, we put a tilde on the generator.
However, if we use δ ab to lower the indices of a generator, we do not put a tilde on the generator (see (78)). Note that
are quite different from that of (88). So the quadratic form k ab,cd plays a fundamental role in constructing the theory.
The structure constants C ab,cd ef can be read off from the first line of (77). However, we actually usedC ab,cd,ef
ef to construct the theory (see Eq. (63)). After some work, we obtainC
The gauge fieldÂ m µ defined by (60) is given bŷ
Substituting ( As a consistent check, one can also calculate the structure constants of the Nambu 3-algebra by using Eq. (48):
which are indeed the same as (82).
With (80), we can recast the superalgebra (77) into the following form
Using
, it is not difficult to prove that every Jacobi identity is obeyed. Let us now try to read off the representation matrices (τ ab ± ) cd , invariant quadratic forms k ±ab,cd and structure constants C ab,cd ± ef from (95). The representation matrices can be easily read off from the second line of (95).
To determine the quadratic forms k ±ab,cd , we re-write the first anti-commutator of the third line of (95) as
Because of the duality conditions
we must impose the duality conditions on the quadratic forms
which lead us to the solutions:
Since the bosonic generators M ab ± satisfy the duality conditions M ab ± = ± 1 2 ε abcd M cd ± , we must impose the duality conditions on the structure constants:
The structure constants of the bosonic subalgebra of (95) can be read off from the MMQ Jacobi identities of (95):
Substituting (96) into the LHS and using the duality conditions (101), the above equation
Multiplying both sides by (τ gh ± ) ef , the structure constants can be recast into
Here τ ±gh ≡ δ ge δ hf τ ef ± . With the first two equations of (98), the structure constants satisfy the duality conditions (101) manifestly. It is straightforward to verify that
which are exactly the same as the right-hand sides of the first two equation of (95). After some algebraic steps, we obtaiñ
The gauge fieldsÂ m µ± defined by (60) are given bŷ
Substituting (96), (100), (107) and (108) into the Lagrangian (62) and the SUSY transformations (64) also reproduces the N = 8 BLG theory.
As another consistent check, we may calculate the structure constants of the Nambu 3-algebra by substituting (96) and (100) into Eq. (48):
They are precisely the same as (82) or (94).
Finally, if we define
then the superalgebra (77) can be recast into
One can verify that every Jacobi identity is obeyed. The representation matrices (τ ab ) cd , invariant quadratic form k ab,cd and structure constantsC ab,cd,ef , read off from (111), are give
C ab,cd,ef = k 2 32 (δ ae ε bcdf − δ be ε acdf − δ af ε bcde + δ bf ε acde ).
One unusual feature is that both (τ ab ) cd and k ab,cd are proportional to ε abcd . However, by the definitionÑ ab = k ab,cd N cd , we learn that
Comparing (113) and the first equation of (112) with (88) and (91), respectively, we note that the roles of τ ab andτ ab are switched; this due to the definitions N ab = 
Substituting (112) and (114) into the Lagrangian (62) and the SUSY transformations (64) also reproduces the N = 8 BLG theory.
As the final consistent check, we calculate the structure constants of the Nambu 3-algebra by substituting the first two equations of (112) into Eq. (48):
They are precisely the same as (82), (94) or (109).
IV. A QUANTIZATION SCHEME FOR THE 3-BRACKETS
It is well known that a 3-bracket such as Nambu 3-bracket is difficult to quantize. However, since a 3-algebra can be constructed in terms of a superalgebra, we may quantize a 3-algebra system by quantizing the corresponding superalgebra system. For example, if we promote the fermionic and bosonic generators of (77) as quantum mechanical operators, and promote (81) as a quantum mechanical double graded commutator, our approach may provide a quantization scheme for the Nambu 3-bracket. Similarly, the 3-brackets of the symplectic and hermitian 3-algebras may be quantized in the same fashion.
V. CONCLUSIONS
In this paper, we used superalgebras to realize the 3-algebras used to construct N = 6, 8 CSM theories. We first worked out the general commutation relations of these superalgebras by decomposing the superalgebra used to realize the 3-algebra in N = 5 theory. Using this superalgebra realization of 3-algebras, i.e., to realize the N = 6 Hermitian 3-algebra, and used P SU(2|2) to represent the Nambu 3-algebra whose structure constants are totally antisymmetric. The Nambu 3-bracket is constructed explicitly in terms of a double graded commutator of P SU(2|2). The N = 8
BLG theory with SO(4) gauge group was constructed by using several different ways. In summary, we have demonstrated that the superalgebra realization of the 3-algebras provides a unified framework for classifying the gauge groups of the N = 5, 6, 8 theories based on 3-algebras.
We also proposed a quantization scheme for the 3-brackets, by promoting the fermionic generators Q a andQ b as quantum mechanical operators, and by promoting the double graded commutator [{Q b ,Q a }, Q c ] as quantum mechanical double graded commutator.
It would be interesting to investigate the relation between the superalgebra and 3-algebra further, and explore the physical meaning. It would be nice to investigate the relation between the matrix realization of 3-algebra and the superalgebra realization of 3-algebra, since the superalgebras may have matrix representations.
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